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We study steady-state oscillations of an elastic Hele-Shaw cell excited by traveling pres-
sure waves over its upper surface. The fluid within the cell is bounded by two asymmetric
elastic sheets which are connected to a rigid surface via distributed springs and modeled
by the linearized plate theory. Modal analysis yields the frequency response of the config-
uration as a function of three parameters: the fluidic Womersley number and two ratios
of elastic stress to viscous pressure for each of the sheets. These ratios, analogous to the
Capillary number, combine the effects of fluid viscosity and the sheets inertia, bending
and tension. The resonance frequencies of the configuration include the resonance fre-
quency of the upper sheet, and the resonance frequency of both sheets with a constraint
of constant gap. Near the resonance frequency of the upper sheet, the fluid pressure is
identical in amplitude and phase to the external excitation. For configurations where
both sheets are near resonance, small changes in frequency yield significant modification
of the fluidic pressure. In addition, a new resonance frequency is observed, related to the
interaction between motion of fluid parallel to the elastic sheets and relative elastic dis-
placements of the sheets. The ratio of the amplitude of the fluidic pressure to the external
pressure is presented vs. frequency for several characteristic solid and fluid properties,
yielding a bandpass filter behaviour. For configurations with a rigid lower surface the
pressure ratio is unity at the passband, while for two elastic sheets pressure amplification
or reduction occurs near the resonance frequencies. The results presented here may allow
to utilize elastic Hele-Shaw configurations as protective surfaces and mechanical filters.
1. Introduction
In this work we examine the frequency response of two parallel elastic sheets containing
a thin liquid film. We focus on physical regimes where viscous, elastic and inertial effects
(of the fluid and solids) are of similar order of magnitude. The elastic sheets are modeled
by the linear plate theory and include both bending and tension effects, and may be
connected to a rigid surface via distributed springs.
Interaction of fluid viscosity with solid elasticity in Hele-Shaw cells, or similar con-
figurations, is relevant to various research subjects. Among these are viscous peeling
problems (Hosoi & Mahadevan 2004; Lister et al. 2013; Peng et al. 2015; Pihler-Puzovic´
et al. 2015; Carlson & Mahadevan 2016), fluid driven crack propagation (Roper & Lister
2005; Spence et al. 1987; Lai et al. 2016), gravity currents on elastic substrates (Hewitt
et al. 2015; Howell et al. 2016), and wrinkling of lubricated sheets (Huang & Suo 2002;
Kodio et al. 2016). At the inviscid flow limit, elastic-inertial fluid-structure-interaction
have been shown to vary the solid structure resonance frequency. Initial work on the sub-
ject was pioneered by Lamb (1920) who examined the modified resonance frequencies of
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Figure 1: Illustration of the configuration and the Cartesian coordinate system. Both
elastic sheets are parallel at rest to the x−y plane. pe(x, y, t) is the external propagating
pressure wave , 2h0 is the gap between the sheets at rest, d1 and d2 are the displacements
of plate 1 and 2 in the z-direction, respectively.
a clamped sheet in contact with a water reservoir. This work have been extended by vari-
ous researchers including McLachlan (1932), Peake & Thurston (1954), and De Espinosa
& Gallego-Juarez (1984). Recent works on the dynamic response of elastic sheets inter-
acting with inviscid laminar flows include Crighton & Oswell (1991), Peake & Sorokin
(2001), and Sorokin (2002).
The current work follows the approach of our previous study (Tulchinsky & Gat 2016),
examining an elastic Hele-Shaw configuration as a structural element. In Tulchinsky &
Gat (2016), we studied the transient dynamics of elastic Hele-Shaw Cells due to localized
excitations, assuming rigid lower surface and neglecting elastic tension effects and inertia
in both the solid and fluid. We here examine the frequency response of steady-state
oscillations of two elastic plates containing a viscous film and include inertial effects
of both the fluid and solid regions. Specifically, we aim to obtain extrema of fluidic
pressure and solid displacements in terms of the excitation frequency and the mechanical
properties of the system.
The structure of this paper is as follows: In §2 we define and scale the problem. In §3 we
obtain the phase and amplitude of traveling-wave solutions. In §4 we present frequency
response in terms of solid displacements and fluidic pressure for various configurations.
In §5 we discuss the results, examine new resonance frequency related to fluid motion
parallel to the sheets (§5.1), and illustrate realization of Hele-Shaw cells as mechanical
filters or protective surfaces (§5.2).
2. Problem Formulation and Scaling
We study steady-state oscillations of two parallel elastic sheets containing a thin liquid
film. The fluid flow and solid displacements are excited by an external pressure wave with
prescribed frequency and wavelength, which may be readily generalized to an arbitrary
external forcing. The elastic sheets are modeled by the linear plate theory and include
bending, tension, and inertial effects.
The configuration and the Cartesian coordinate system (x‖, z) are defined in figure 1,
where ‖ subscript denotes two-dimensional vectors in the x − y plane. The x − y plane
is parallel and of equal distance to both plates at rest. The subscripts 1 and 2 denote
the upper and lower plates, respectively, and the gap between the plates at rest is 2h0.
The fluidic pressure is p, fluid velocity is (u‖, w), fluidic density is ρ, fluidic viscosity is
µ, elastic sheet bending stiffness is sn, sheet tension is tn, sheet thickness is bn, sheet
mass-per-area is in and sheet displacements are (d‖,n, dn) (where n = 1, 2).
The dynamics of the Newtonian, incompressible fluid is governed by the Navier-Stokes
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equation
ρ
[
∂
∂t
+ (u‖, w) ·
(
∇‖, ∂
∂z
)]
(u‖, w) = −
(
∇‖, ∂
∂z
)
p+ µ
(
∇‖, ∂
∂z
)2
(u‖, w), (2.1)
and the continuity equation (
∇‖, ∂
∂z
)
· (u‖, w) = 0, (2.2)
supplemented by no-slip and no-penetration at the fluid-solid interfaces
(u‖, w) =
(
∂d‖,1
∂t
− b1
2
∇‖ ∂d1
∂t
,
∂d1
∂t
)
, z = h0 + d1 (2.3a)
(u‖, w) =
(
∂d‖,2
∂t
+
b2
2
∇‖ ∂d2
∂t
,
∂d2
∂t
)
, z = −h0 + d2, (2.3b)
consistent with the Kirchhoff hypothesis of linear displacements (d1, d2) with regard to
the z-direction. The sheet deflections are governed by the linearized Kirchhoff-Love sheet
theory (Howell et al. 2009)
−s1∇4‖d1 + t1∇2‖d1 + p− pe = i1
∂2d1
∂t2
, z = h0 + d1 (2.4a)
−s2∇4‖d2 + t2∇2‖d2 − skd2 − p = i2
∂2d2
∂t2
, z = −h0 + d2, (2.4b)
where t1, t2 are considered uniform and isotropic. (The boundary conditions (2.4) may
be reduced to a free surface description by setting t1 = −γ, and s1 = i1 = 0, where γ is
surface tension.) The external propagating pressure wave is the real part of the function
pe = pˆee
i(k·x‖+ωt) (2.5)
where pˆe is the amplitude of the wave, k‖ is the wave vector, k = |
√
k‖ · k‖| is the
wavenumber, and ω is the angular frequency (pˆe, k, ω ∈ R). For the purpose of separating
the flow problem from the bulk deformation of the structure, we denote hereafter the
deformation of the sheets by the average d¯ = (d1 + d2)/2 and relative d
′ = (d1 − d2)/2
deformation. We define w′ as
w′ = w − ∂d¯
∂t
, (2.6)
where ∂d¯/∂t represents fluid speed due to the mean motion of both sheets and w′ is thus
fluid speed due to the relative motion of the sheets.
Next we turn to scaling and order-of-magnitude analysis. Hereafter, asterisk super-
scripts denote characteristic values and Capital letters denote normalized variables. The
characteristic x‖ plane fluid velocity is u∗, the characteristic z-direction fluid velocity is
w′∗, the characteristic fluid pressure is p∗, the characteristic mean deformation is d¯∗ and
the characteristic relative deformation is d′∗.
We define the following small parameters
ε1 = h0k  1, ε2 = d
′∗
h0
 1 (2.7)
corresponding to requirements of slender configuration and small relative deformation to
fluid gap height. We define normalized coordinates (X‖, Z) and time T
(X‖, Z) =
(
x‖k,
z
h0
)
, T = tω, (2.8a)
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normalized mean D¯ and relative D′ sheet deflections
D¯ =
d¯
d¯∗
, D′ =
d′
d′∗
(2.8b)
normalized fluid velocity
U‖ =
u‖
u∗
, W¯ =
w¯
ωd¯∗
, W¯ ′ =
w¯′
ωd′∗
(2.8c)
and normalized fluid pressure P and external pressure Pe
P =
p
p∗
, Pe =
pe
p∗
. (2.8d)
Substituting (2.8) into (2.1)-(2.2) yields the leading order momentum equations
α2
∂U‖
∂T
= −∇P + ∂
2U‖
∂Z2
+O
(
ε21, ε1Re,
d¯∗
d∗′
ε1Re
)
, (2.9a)
α2ε21
(
∂2D′
∂T 2
+
d¯∗
d∗′
∂2D¯
∂T 2
)
= −∂P
∂Z
+O
(
ε21, ε
3
1Re,
d¯∗
d∗′
ε31Re
)
, (2.9b)
and continuity equation
∂W ′
∂Z
+∇ ·U‖ = 0, (2.9c)
where Re = ρlh0u
∗/µ is the Reynolds number and α2 = ρlh20ω/µ is the Womersley
number.
Order of magnitude analysis of (2.9) yields d′∗ω/u∗ ∼ ε1, p∗h20k/µu∗ ∼ 1, and ε1Re/α2 =
ε2. Since the linear time-derivative inertial term ∂(u‖, w)/∂t in the LHS of (2.1) scales
with α2 while the non-linear convective terms (u‖, w) · (∇, ∂/∂z)(u‖, w) scale with
ε1Re = α
2ε2, we obtain the linearized Navier-Stokes momentum equations without any
further assumptions. In addition, from ε2  1 we obtain a restriction on the phase
velocity of the wave ω/k  u∗.
We substitute (2.8) into (2.3) and (2.4) to obtain the leading order boundary conditions
W ′(Z ∼ H0) +W ′(Z ∼ −H0) = O(ε2), (2.10a)
W ′(Z ∼ H0)−W ′(Z ∼ −H0) = 2∂D
′
∂T
+O(ε2), (2.10b)
U‖(Z ∼ H0) = O
(
b1kε1,
ε51p
∗2k
2µω
)
, (2.10c)
U‖(Z ∼ −H0) = O
(
b2kε1,
ε51p
∗2k
2µω
)
, (2.10d)(
−s1k4∇4‖ + t1k2∇2‖ − i1ω2
∂2
∂T 2
)
h30k
2
µω
(
D¯ +D′
)
+ P − Pe = 0 (2.10e)
and (
−s2k4∇4‖ + t2k2∇2‖ − sk − i2ω2
∂2
∂T 2
)
h30k
2
µω
(
D¯ −D′)− P = 0. (2.10f )
In (2.10c,d), b1k, b2k  1 are necessary conditions for applying linear plate theory and
ε51p
∗2k/2µω  1 is a requirement of negligible effect of longitudinal displacements of the
sheets on fluid velocity.
We focus hereafter on d¯∗ ∼ d′∗ as well as α2 = O(1). Thus, the order of magnitude of
Frequency Response of an Elastic Hele-Shaw Cell 5
the sheet displacements are d′∗ ∼ h30p∗k2/µω and the fluidic pressure due to transverse
acceleration is negligible (∂P/∂Z ∼ 0, see (2.9b)). Leading order governing equations,
boundary conditions and order of magnitude for the case of dominant effect of transverse
acceleration on fluidic pressure are presented in Appendix A.
3. Phase and amplitude of traveling-wave solutions
We study steady state oscillations, and thus examine traveling-wave solutions of fre-
quency ω and wave vector k equal to the external excitation pressure wave. Without
loss of generality, we focus on two-dimensional configurations where the wave vector is
parallel to the x-direction. We thus seek solutions of the form
U
W
D¯
D′
P
Pe
 =

Uˆ
Wˆ
ˆ¯D
Dˆ′
Pˆ
Pˆe

ei(X+T ). (3.1)
Substituting (3.1) into (2.9)-(2.10), we simplify the momentum equations (2.9a,b)
α2iUˆ − ∂
2Uˆ
∂Z2
∼ −iPˆ (3.2a)
∂Pˆ
∂Z
∼ 0 (3.2b)
and continuity equation (2.9c)
∂Wˆ ′
∂Z
+ iUˆ = 0, (3.2c)
as well as the boundary conditions (2.10) to
Wˆ ′(Z ∼ H0) ∼ −Wˆ ′(Z ∼ −H0), (3.3a)
Wˆ ′(Z ∼ H0)− Wˆ ′(Z ∼ −H0) ∼ 2iDˆ′, (3.3b)
Uˆ(Z ∼ H0) ∼ Uˆ(Z ∼ −H0) ∼ 0, (3.3c)
Z1
(
ˆ¯D + Dˆ′
)
= Pˆe − Pˆ , (3.3d)
and
Z2
(
ˆ¯D − Dˆ′
)
= Pˆ , (3.3e)
where the dimensionless parameters Z1 and Z2 are defined by (n = 1, 2)
Zn =
−snk4 − tnk2 + inω2 − sk(n− 1)
µω/h30k
2
(3.3f )
which may be interpreted as the ratio between the inertial and elastic stress within the
solid and the traction applied by the fluid due to the viscous squeeze flow. (Zn is analogous
to 1/Ca, where Ca is the Capillary number for thin films.) The limits of Z1 → 0 and
Z2 → 0 correspond to resonance of elastic sheets 1 and 2, respectively. Negative values of
Z1, Z2 are associated with dominant elastic bending and tension effects whereas positive
values are associated with dominant inertial effects.
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We initially solve (3.2b) together with (3.3c,d) to obtain the longitudinal fluid velocity
Uˆ =
(
cosh(
√
α2iZ)
cosh(
√
α2iH0)
− 1
)
Pˆ
α2
. (3.4)
We substitute (3.4) into (3.2c), integrate with respect to Z, and apply (3.3a) to obtain
the transverse liquid velocity
Wˆ ′ = i
(
Z − sinh(
√
α2iZ)√
α2i cosh(
√
α2iH0)
)
Pˆ
α2
. (3.5)
Substituting into (3.3b) we obtain the relative sheet deflection
Dˆ′ =
(
H0 − tanh(
√
α2iH0)√
α2i
)
Pˆ
α2
. (3.6)
We substitute (3.6) into (3.3f ) and obtain the mean sheet deformation
ˆ¯D =
(
1
α2
(
H0 − tanh(
√
α2iH0)√
α2i
)
+
1
Z2
)
Pˆ . (3.7)
Finally, we subtract (3.3e,f ) and substitute (3.6) to obtain the liquid pressure
Pˆ =
(
2Z1
α2
(
H0 − tanh(
√
α2iH0)√
α2i
)
+ 1 +
Z1
Z2
)−1
Pˆe. (3.8)
We thus obtain Uˆ , Wˆ ′, Dˆ′, ˆ¯D and Pˆ , representing the steady-state dynamics by a complex
amplitude which is a function of the Womersley number α2 and the sheets impedance
Z1 and Z2. Equation (3.7) yields that the order of magnitude relation d
′∗/d¯∗ ∼ 1 defined
after (2.10f) becomes invalid at the limit Z2 → 0. This occurs since fluidic effects are
negligible at this limit, which negates the assumptions of the scaling scheme. Solutions
(3.4)-(3.7) in their dimensional form may be found in appendix B, as well as the three-
dimensional response dynamics for an arbitrary external pressure field.
For the limit of negligible fluidic inertial effects α2 → 0 (3.4)-(3.8) may be further
simplified. In this limit, the liquid pressure is
Pˆ ∼
(
1 + i
2Z1H
3
0
3
+
Z1
Z2
)−1
Pˆe, (3.9)
the mean and relative deformations of the sheets are
Dˆ′ ∼ iH
3
0 Pˆ
3
, ˆ¯D ∼
(
iH30
3
+
1
Z2
)
Pˆ (3.10)
and the fluid longitudinal and transverse speeds are
Uˆ ∼ i(Z
2 −H20 )Pˆ
2
, Wˆ ′ ∼ (Z
3 − 3ZH20 )Pˆ
6
. (3.11)
4. Maps and extrema lines of fluid pressure and elastic displacements
We here present and discuss the frequency response relations obtained in §3 and map
(in figures 2-5) the amplitude and phase of liquid pressure and sheet deflection for various
configurations. In all figures smooth lines represent values of Z1 yielding extrema of the
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Figure 2: Dynamics of a configuration with a lower rigid surface, i.e. Z2 → ±∞. (a) is
the pressure ratio magnitude |P/Pe|, (b) is the phase between the liquid pressure and the
external pressure ∠P − ∠Pe, (c) is the normalized magnitude of deformation |D1/Pe|,
and (d) is the phase of between the upper sheet deformation and the external pressure
∠D1 − ∠Pe. The solid curve, defined by α2 ∼ −5Z1/3H0, indicates maximal magnitude
of deformation and liquid pressure for constant α2. The dashed curve indicates maximal
magnitude of liquid pressure for constant Z1 (this curve coincides with the solid curve in
panels c,d).
amplitude of the examined parameter for set values of (α2, Z2). Similarly, dotted lines
represent values of α2 yielding extrema points for set values of (Z1, Z2).
Extrema of the fluidic pressure are readily obtained from (3.4)-(3.8), where for sim-
plicity we seek extrema of |P (α2, Z1, Z2)/Pe| by examining |Pe/P |2, defined by∣∣∣∣PeP
∣∣∣∣2 = (2Z1F1 + 1 + Z1Z2
)2
+ (2Z1F2)
2
, (4.1)
where
F1(α) =
1
α2
− 2
(2α2)
3
2
 sinh
(√
α2/2
)
+ sin
(√
α2/2
)
cosh
(√
α2/2
)
+ cos
(√
α2/2
)
 . (4.2)
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and
F2(α) =
2
(2α2)
3
2
 sinh
(√
α2/2
)
− sin
(√
α2/2
)
cosh
(√
α2/2
)
+ cos
(√
α2/2
)
 . (4.3)
By differentiation of equation (4.1) we obtain values of Z1 yielding extrema of (4.1) for
predefined (Z2, α
2)
Z1 = −
(
2F1 +
1
Z2
)
×
[(
2F1 +
1
Z2
)2
+ 4F 22
]−1
. (4.4a)
Similarly, values of Z2 yielding extrema of (4.1) for predefined (Z1, α
2) are
Z2 = − Z1
2Z1F1 + 1
. (4.4b)
Combining (4.4b) into (4.4a) yields the extrema Z1 = Z2 = 0 for a predefined value α
2,
in which |P (α2, Z1, Z2)/Pe| is singular and is determined by the limit of the ratio Z1/Z2.
Differentiating (4.1) with respect to α2, an implicit relation for extrema in terms of α2
for predefined values of both Z1 and Z2 is given by
Z1
[
Z1
∂
∂α2
(
F 21 + F
2
2
)
+
∂F1
∂α2
(
1 +
Z1
Z2
)]
= 0. (4.4c)
Expressions for the extrema of the amplitude of the average ˆ¯D(Z1, Z2, α
2) and relative
Dˆ′(Z1, Z2, α2) solid displacements are presented in Appendix C.
4.1. Rigid lower surface, Z2 → ±∞
Figure (2) presents (3.6) and (3.8) for the limits of Z2 → ±∞, corresponding to a fixed
lower surface D2 ∼ 0. Panel (a) presents the magnitude ratio of liquid pressure to external
pressure |P/Pe|, panel (b) shows the relative phase of liquid pressure ∠P − ∠Pe, panel
(c) shows the magnitude of deformation normalized by the external pressure |D1/Pe|,
and panel (d) shows the relative phase of deformation ∠D1 − ∠Pe.
Panels (a) and (c) in figure (2) present maxima of the liquid pressure as well as sheet
deformation along a smooth black line defined by
α2 ∼ − 5Z1
3H0
(4.5)
(or in dimensional form ω2 ∼ 5h30(s1k6 + t1k4)/(3ρlh20 +5i1h30k2)), representing lineariza-
tion of the extrema condition (4.4a) with regard to α2 around α2 = 0 for |Z2| → ∞.
Fluid inertia thus reduces the resonance frequency of the configuration, which emanates
from increasing the mass accelerated during oscillations. On the line α2 ∼ −5Z1/3H0,
the fluidic pressure decreases with α2, the amplitude of deformation increases with α2,
and the sheet velocity is synchronized with the external pressure ∠W ′1 −∠Pe = pi. Thus
for a given deformation amplitude, external oscillating pressure waves apply the maximal
external work on the sheet, and thus maximal dissipation, at the line (4.5). The sheet
deformation reaches a global maxima for α2 = 0 and Z1 = 0, corresponding to the
resonance frequency of the upper sheet and negligible fluid inertia parallel to the sheets.
At the resonance frequency of the upper plate (on the line Z1 = 0), the fluidic Womersley
number α2 = ρlh
2
0ω/µ does not affect the liquid pressure which is equal to the external
pressure in both magnitude and phase. In addition, the liquid pressure amplitude is equal
to the external pressure on the line α2 ∼ −5H0Z1/6, on which however ∠W ′1−∠Pe 6= pi.
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Figure 3: Dynamics of a configuration consisting of two sheets with identical impedance,
Z1 = Z2. Panel (a) shows the magnitude of pressure ratio |P/Pe|, panel (b) shows the
phase between the liquid pressure to external pressure ∠P − ∠Pe, panel (c) shows the
magnitude of deformation of the upper sheet |D1/Pe|, panel (d) shows the phase of the
deformation field with respect to the external pressure ∠D1 − ∠Pe, panel (e) shows the
magnitude of lower plate deformation |D2/Pe|, and panel (f) shows the phase of lower
plate deformation to external pressure ∠D2 −∠Pe. Gray colored area indicates that the
value of the variable exceeds the maximal value of the color bar and is singular at Z1 ∼ 0.
The smooth line denotes values of Z1 yielding extrema for predefined α
2.
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4.2. Equal impedance of the lower and upper sheets, Z1 = Z2
Figure 3 shows dynamics for configurations where Z1 = Z2 (in dimensional terms −s1k4−
t1k
2 + i1ω
2 = −s2k4 − t2k2 + i2ω2 − sk). Panel (a) presents |P |/|Pe|, panel (b) shows
∠P − ∠Pe, panel (c) shows |D1|/|Pe|, panel (d) shows ∠D1 − ∠Pe, panel (e) shows
|D2|/|Pe|, and panel (f) shows ∠D2 − ∠Pe.
For predefined values of α2 and ratio of sheet impedance Z1/Z2 ≡ R12, values of Z1
yielding extrema of fluidic pressure are defined by
Z1 = − (1 +R12)F1(α)
2F 21 (α) + 2F
2
2 (α)
, (4.6)
which can be approximated by Z1 ≈ −3(1 + R12)α2/5H0 (presented by smooth lines in
figure 3). The limit of (Z1, Z2)→ (0, 0) yields various values of pressure and displacements
depending on the ratio of Z1/Z2. For lim(Z1,Z2)→(0,0) Z1/Z2 = −1, resonance dynamics
are accompanied with significant increase in the magnitude of the fluidic pressure. In
contrast, for lim(Z1,Z2)→(0,0) Z1/Z2 = 1 the fluidic pressure equals half of the external
pressure excitation.
Panel (a) presents the extrema line (4.6) which is accompanied by a maxima of the
relative displacements |D′|/|Pe|. This maxima line is similar to the modified resonance
of the upper plate presented in figure 2a. Panels (c) and (e) present the solid resonances
along Z1 = Z2 = Z1 + Z2 = 0 and an additional fluidic maxima of the upper plate near
the line (4.6). Panels (d) and (f) yield a sharp phase difference of D1 and D2 between
Z1 > 0 and Z1 < 0. Both D1 and D2 are near anti-phase for small negative Z1 and
in-phase for small positive Z1. In contrast, the phase of the fluidic pressure (panel b)
presents gradual change near resonance. Panels (a), (c) and (e) show that the resonance
of the solid deflection for Z1 = Z2 → 0, yields similar oscillations of the upper and lower
sheets. These oscillations are accompanied by synchronous liquid pressure with half the
magnitude of the external pressure (|P |/|Pe| = 1/2 and ∠P − ∠Pe = 0). Thus, both
sheets are applied with identical excitations at resonance.
4.3. Asymmetric elastic sheets
In figures (4) and (5) we examine the effect of modifying the properties of the lower
surface on the frequency response and extrema for configurations where Z2 = −6,−3,−1
for the range −10 6 Z1 6 10 and 0 6 α2 6 10.
Figure 4 presents scaled fluid pressure amplitude |P/Pe| (left column) and relative
phase ∠P − ∠Pe (right column). Panels (a,b) correspond to Z2 = −6, panels (c,d)
correspond to Z2 = −3, and panels (e,f) correspond to Z2 = −1. The smooth lines (4.4a)
represent values of Z1 yielding extrema of the liquid pressure amplitude for set values of
(α2, Z2). The dotted lines (4.4c) present, similarly, values of α
2 for set values of (Z1, Z2).
For Z2 = −6, panel (a) presents maxima and saddle points along (4.4c) where the
maxima associated with α2 = 0 is on Z1 = −(1/Z2 + 4/9)−1, not on Z1 = 0. In this
case the fluid inertia decreases the resonance frequency, similarly to the cases presented
in figures 2 and 3. However, as Z2 increases additional maxima emerge (see panel c) and
coalesce (see panel e) to a single line near Z1 ≈ −(1/Z2+4/9)−1 in which the magnitude of
the derivative of fluid pressure amplitude and phase with regard to Z1 sharply increases.
This new extremum emanates from a combined fluid-elastic interaction increasing the
fluidic pressure (see equation (3.8) and not a modified solid resonance. As Z2 becomes
smaller, configurations with positive values of Z1 become increasingly synchronized with
the external pressure and the liquid pressure, whereas configurations with negative Z1
approach the inverse phase of −1800. The fluidic pressure amplitude is equal to the
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Figure 4: Magnitude ratio and phase between the liquid pressure to external pressure as
a function of Womersley number α2 = ρlh
2
0ω/µ, and upper sheet impedance parameters
Z1 = (−s1k4 − t1k2 + i1ω2)h30k2/µω. The left column (a,c,e) shows the magnitude ratio
|Pˆ /Pˆe|. The right column (b,d,f) shows the phase ratio ∠Pˆ − ∠Pe. Panels (a,b) present
Z2 = −6; panels (c,d) present Z2 = −3, and panels (e,f) present Z2 = −1. The smooth
(4.4a) and dotted lines (4.4b) present extrema of deflection with regard to Z1 (for set
values of α2, Z2) and with regard to α
2 (for set values of Z1, Z2), respectively.
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Figure 5: Scaled average deformation magnitude |D¯|/|Pe| (a,c,e), and scaled relative
deformation |D′/|Pe| (b,d,f), as a function of Womersley number α2, and the upper
sheet impedance Z1. Panels (a,b) present Z2 = −6; panels (c,d) present Z2 = −3, and
panels (e,f) present Z2 = −1. The smooth and dotted lines present extrema of deflection
with regard to Z1 (for set values of α
2, Z2) and with regard to α
2 (for set values of
Z1, Z2), respectively (see Appendix C).
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external amplitude on two curves, one of which is the upper sheet resonance frequencies
line Z1 = 0.
Figure 5 focuses on elastic deflection and presents the magnitude of average deforma-
tion |D¯|/|Pe| (left column), and the relative deformation |D′|/|Pe| (right column) as a
function of α2 and Z1 for identical parameter range as in figure 4. The smooth and dot-
ted lines represent extrema of deflection with regard to Z1 (for set values of α
2, Z2) and
with regard to α2 (for set values of Z1, Z2), respectively, see Appendix C. The patterns
presented for both the scaled average deflection |D¯|/|Pe| and scaled relative deflection
|D′|/|Pe| closely follow that of the fluidic pressure. The average deflection |D¯|/|Pe| does
not involve viscous flow and is thus undamped, in contrast with |D′|/|Pe|. Hence, while
far from resonance the magnitude of |D¯|/|Pe| and |D′|/|Pe| are similar, near resonance
frequencies (e.g. near the line Z1 ≈ −(1/Z2 + 4/9)−1 for Z2 = −1), the ratio |D¯|/|D′| in-
creases indefinitely and eventually invalidates the model assumption of O(|D¯|) ∼ O(|D′|).
5. Discussion
We here focused on configurations where the average and relative displacements are
of similar order of magnitudes O(Dˆ′) ∼ O( ¯ˆD). In the limit of Dˆ′  ¯ˆD (presented
in Appendix A), although liquid pressure is created by elastic displacements, it is not
significant in determining the displacement dynamics. The opposite limit of Dˆ′  ¯ˆD is
not physically possible, as evident directly from the ratio∣∣∣∣ ¯ˆDDˆ′
∣∣∣∣2 = 1 + 2F1(F 21 + F 22 )Z22 + F
2
1 + F
2
2
(F 21 + F
2
2 )
2Z42
, (5.1)
where all the terms of the RHS of Eq. (5.1) are positive.
In §4 the response of an elastic Hele-Shaw cell was presented in terms of the parameters
(α,Z1, Z2), which combine effects of elasticity, viscosity, fluid and solid inertia, as well as
the frequency and wavelength of the excitation. While figures 2-5 describe a wide range
of parameters, the effect of changing excitation frequency or wavelength of a specific
configuration requires following curved lines (e.g. on Zn = (−snk4− tnk2 + inω2−sk(n−
1))/(µω/h30k
2), n = 1, 2 in figures 2 and 3) or interpolation between panels (as in figures
4 and 5). Clarity might thus benefit from explicit presentation of the amplitude of the
fluidic pressure and elastic displacement vs. the excitation frequency for specific and
constant physical parameters. In addition, the effect of the fluid will be emphasized here
by comparison with relevant fully elastic configurations.
5.1. The emergence of an additional fluid-elastic resonance frequency
In the limit of negligible fluidic effects the dynamics of the upper surface will approach
the dynamics of an isolated sheet. Alternatively, in the limit of a highly viscous fluid the
configuration will be similar to two elastic sheets with a constraint of constant gap (see
Appendix D). Thus, we expect multiple elastic resonance frequencies defined by Z1 = 0,
Z2 = 0 and Z1 + Z2 = 0 to appear. However, from figures 2-5 an additional response
frequency is evident, which involves the interaction between motion of fluid parallel to
the elastic sheets and elastic displacements and external actuation perpendicular to the
sheets.
This fluid-elastic resonance is presented in figure 6 for two illustrative configurations.
Panel (a) examines the normalized displacement of the upper sheet (a1) and fluid pressure
amplitude (a2) of identical sheets Z1 = Z2 (defined by ρ1 = ρ2 = 10
3Kg/m3, s1 =
s2 = 0.054Pa/m
3, i1 = i2 = 1Kg/m
2, µ = 1Pa · s, ρl = 103Kg/m3, h0 = 10−3,
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Figure 6: Illustration of the additional resonance frequency emerging due to parallel
motion of fluid. Panels (a1, a2) examines equal sheet impedance Z1 = Z2 (defined by
ρ1 = ρ2 = 10
3Kg/m3, s1 = s2 = 0.054Pa/m
3, i1 = i2 = 1Kg/m
2, µ = 1Pa · s, ρl =
103Kg/m3, h0 = 10
−3, 2b1 = 2b2 = 0.001m). Panels (b1, b2) examine a rigid lower sheet,
Z2  Z1, (defined by ρ1 = ρ2 = 103Kg/m3, s1 = 0.0065Pa/m3, s2 = 0.057Pa/m3,
i1 = i2 = 1Kg/m
2, µ = 1Pa · s, ρl = 103Kg/m3, h0 = 10−3, 2b1 = 2b2 = 10−3m).
Normalized displacement of the upper sheet (a1, b1) and fluidic pressure (a2, b2) for an
elastic Hele-Shaw are marked by smooth black lines. For comparison, the isolated solid
response of the upper sheet (grey lines), the bottom sheet (dashed orange lines) and the
two sheets with a constraint of constant gap (blue dashed) are presented.
2b1 = 2b2 = 0.001m). Panel (b) similarly presents upper sheet normalized displacement
(b1) and fluid pressure amplitude (b2) for configuration where Z2  Z1, (defined by
ρ1 = ρ2 = 10
3Kg/m3, s1 = 0.0065Pa/m
3, s2 = 0.057Pa/m
3, i1 = i2 = 1Kg/m
2,
µ = 1Pa · s, ρl = 103Kg/m3, h0 = 10−3, 2b1 = 2b2 = 10−3m). Normalized deformation
magnitude of the upper plate of elastic Hele-Shaw cell is marked by black smooth lines.
Grey, dashed-orange and dotted-blue lines mark relevant fully elastic configurations of
the upper sheet, lower sheet and connected elastic sheets, respectively. All deformation
are scaled by d∗ = 3 · 10−6m.
For both configurations presented in panels (a) and (b), at lower frequencies corre-
sponding to |Z1|  1, the amplitude of fluid pressure decreases with ω and displacement
of the top sheet is identical to that of an isolated elastic sheet. For the opposite limit of
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large ω, corresponding to |Z1|, |Z2|  1, the elastic Hele-Shaw cell oscillates as two elastic
sheets with a constraint of constant gap (see Appendix D). For panel (a), in accordance
with the results presented in figure 3, the identical properties of the bottom and top sheets
yield a single solid resonance frequency ω ≈ 14.9KHz accompanied by |p/pe| = 0.5. In
addition to this elastic resonance frequency, a clear additional extrema frequency is ev-
ident at ω ≈ 5.05KHz, near the extrema of the fluidic pressure at ω ≈ 5.05KHz. A
similar deformation extrema is presented in panel (b) for ω ≈ 7.77KHz, near the pres-
sure extrema of ω ≈ 8.09KHz, in which it is the dominant resonance frequency due to
the rigid lower elastic sheet eliminating other solid resonances.
5.2. Elastic Hele-Shaw Cell as a Mechanical Filter
Figure 7 presents the magnitude and phase of liquid pressure vs. excitation frequency ω
for wavelengths of l = 0.06, 0.08 and 0.1m, denoted by the solid, dashed, and dotted lines,
respectively. Vertical lines denote resonance frequency of the reference solid configurations
of the upper sheet (red), bottom surface (green) and two sheets with a constraint of
constant gap (orange). In all panels (a-c) the properties of the upper sheet and fluid
layer are defined by bending resistance s1 = 0.8Pam
3, sheet thickness b1 = 1cm, sheet
density ρ1 = 954kg/m
3, liquid viscosity µ = 60Pa · s, liquid gap height 2h0 = 5mm,
and liquid density ρl = 750kg/m
2 (characteristic to rubber and silicon oil). In panel (a)
the bottom surface is rigid. In panel (b) the bottom surface is an elastic spring array
with sk = 12GPa/m. In panel (c) the bottom surface is an elastic spring array with
sk = 12GPa/m and mass-per-area of i2 = 25Kg/m
2.
In all of the configurations, sufficiently small frequencies yield negligible liquid pressure
amplitude. An intermediate range of frequencies, which include the resonance frequency
of the elastic sheet, leads to liquid pressure with amplitude and phase identical to the ex-
ternal pressure. In configuration (a) large frequencies lead to decay of the liquid pressure
due to growing dominance of the elastic sheet inertia. Thus, for Z2 → ±∞, the response
of the system is similar to a bandpass filter and the fluidic pressure cannot exceed the
external excitation. In configuration (b), similar behaviour is observed with an additional
peak of the fluidic pressure near the elastic resonance frequency defined by (4.4a)-(4.4c)
(at ω ≈ 40KHz). At greater frequencies both the liquid pressure and phase decay to
zero. Configuration (c) involves an additional resonance frequency of the lower surface,
yielding a minima of the pressure near the combined reference resonance (Z1 +Z2 = 0).
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Figure 7: Frequency response of elastic Hele-Shaw cells for three physical configurations.
The properties of the upper sheet and fluid layer are bending resistance s1 = 0.8Pam
3,
sheet thickness b1 = 1cm, sheet density ρ1 = 954kg/m
3, liquid viscosity µ = 60Pa · s,
liquid gap height 2h0 = 5mm, and liquid density ρl = 750kg/m
2. In panel (a) the bottom
surface is rigid. In panel (b) the bottom surface is an elastic spring array with sk =
12GPa/m. In panel (c) the bottom surface is an elastic spring array with sk = 12GPa/m
and mass-per-area of i2 = 25Kg/m
2. Red, green, and orange vertical lines correspond to
resonance frequencies of the upper sheet, the lower substrate, and a combine reference
configuration with a constraint of constant gap between the upper sheet and the lower
surface.
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Appendix A. Leading order equations for d
′∗/d¯∗  1
For dynamics characterized by d
′∗/d¯∗ ∼ ε21  1 order of magnitude yields that the
convection terms ρ(u‖, w) ·
(∇‖, ∂/∂z) (u‖, w) in equation (2.1) scales as Re/ε1 and may
not be neglected. In addition, the sheets mean acceleration ∂d¯2/∂t2 yields significant
pressures gradients in the trasverse direction (∂p/∂z). Thus, the leading order governing
equations (2.9) are of the form
α2
∂U
∂T
+
Re
ε1
∂D¯
∂T
∂U
∂Z
= −∇P + ∂
2U
∂Z2
+O
(
ε21, ε1Re,
)
, (A 1a)
α2
∂2D¯
∂T 2
= −∂P
∂Z
+O
(
ε21, ε1Re
)
, (A 1b)
∂W ′
∂Z
+∇ ·U = 0, (A 1c)
and leading order boundary conditions (2.10) are
W ′(Z = H0) +W ′(Z = −H0) = O(ε2), (A 2a)
W ′(Z = H0)−W ′(Z = −H0) = 2∂D
′
∂T
+O(ε2), (A 2b)
U(Z = H0) = O(b1kε1), U(Z = −H0) ∼ O(b2kε1), (A 2c)[(
−s1k4∇4 + t1k2∇2 − i1ω2 ∂
2
∂T 2
)
h0
µω
]
(D¯ + ε21D
′) + P − Pe = 0, (A 2d)[(
−s2k4∇4 + t2k2∇2 − sk − i2ω2 ∂
2
∂T 2
)
h0
µω
]
(D¯ − ε21D′)− P = 0. (A 2e)
Equations (A 1)-(A 2) yields that in the leading order dynamics for d
′∗/d¯∗ ∼ ε21  1, the
liquid pressure is created by elastic displacements, but is not significant in determining
displacement dynamics of steady-state solutions.
Appendix B. Results in dimensional form
We present here the steady-state oscillating solutions in dimensional form. The dimen-
sional liquid pressure (3.8) is
pˆ =

2h0k
2(−s1k4 − t1k2 + i1ω2)
ρlω2
(
1− tanh(
√
ρlh20ωi/µ)√
ρlh20ωi/µ
)
+1 +
−s1k4 − t1k2 + i1ω2
−s2k4 − t2k2 − sk + i2ω2

−1
pˆe, (B 1)
the dimensional longitudinal (3.4) and transverse (3.5) liquid velocities are
uˆ =
(
cosh(
√
ρlωi/µz)
cosh(
√
ρlωi/µh0)
− 1
)
kpˆ
ωρl
(B 2)
and
wˆ′ = i
(
z
h0
− sinh(
√
ρlωi/µz)√
ρlωi/µh0 cosh(
√
ρlωi/µh0)
)
k2h0pˆ
ωρl
. (B 3)
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The dimensional relative deformation (3.6) is
dˆ′ =
(
1− tanh(
√
ρlωi/µh0)√
ρlωi/µh0
)
k2h0pˆ
ω2ρl
(B 4)
and the dimensional mean sheet deformation (3.7) is
d¯ =
(
1− tanh(
√
ρlωi/µh0)√
ρlωi/µh0
+
µω
h30k
2(−s2k4 − t2k2 − sk + i2ω2)
)
h0k
2pˆ
ρlω2
(B 5)
The three-dimensional response dynamics for an arbitrary external pressure field is
therefore given in dimensional form by (Arfken et al. 2011)
p
ux
vy
w′
d¯
d′
 =
1
(2pi)3/2
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
ˆ
pˆ
kxuˆ/k
kyuˆ/k
wˆ′
ˆ¯d
dˆ
′

e−i(kxx+kyy+ωt)dkxdkydω, (B 6)
where
√
k2x + k
2
y = k, and ux, uy denote the x, y direction velocity components and pˆe is
calculated from the inverse transformation
pˆe(kx, ky, ω) =
1
(2pi)3/2
∫ ∞
−∞
∫ ∞
−∞
∫ ∞
−∞
pe(x, y, t)e
i(kxx+kyy+ωt)dxdydt. (B 7)
Equations (B 6) and (B 7) require the dimensional form since the normalization of the
two-dimensional problem was dependent on k and ω.
Appendix C. Extrema points of Dˆ′(Z1, Z2, α2), ˆ¯D(Z1, Z2, α2)
We obtain extrema points of the magnitude of Dˆ′ = FPˆ . The solution consists of
the liquid pressure multiplied by F = F1 + iF2 = (α
2)−1(H0 − tanh(
√
α2iH0)/
√
α2i).
Thus, extrema points with respect to Z1, Z2 (where the remaining variables are kept
constant) will yield the same expressions as for the liquid pressure - Eq. (4.4a) and
(4.4b), respectively. We now obtain extrema points with respect to α2. We simplify the
problem by investigating∣∣∣∣ PˆeDˆ′
∣∣∣∣2 = (2Z1F1 + 1 + Z1Z−12 )2 + (2Z1F2)2F 21 + F 22 . (C 1)
Differentiating with respect to α2 and equating to zero yields
Z1
(
4
∂F1
∂α2
|F |2 − (4F1 + Z−12 )
∂|F |2
∂α2
)
− ∂|F |
2
∂α2
= 0. (C 2)
We now obtain extrema points of the magnitude of ˆ¯D = (F + Z−12 )Pˆ . The equation
defining the extremum point of ˆ¯D with respect to Z1 is the same as the liquid pressure
and relative deformation and is defined by (4.4a). Next we obtain an expression for the
extrema point of ˆ¯D for α2. We simplify the problem by investigating∣∣∣∣ Pˆeˆ¯D
∣∣∣∣2 = (2Z1F1 + 1 + Z1Z−12 )2 + (2Z1F2)2(F1 + Z−12 )2 + F 22 . (C 3)
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By differentiating C 3 with respect to α2 and equating to zero yields an inexplicit rela-
tionship
AZ21 +BZ1 + C = 0, (C 4)
where A = ∂α2((2F1 +Z
−1
2 )
2 + (2F2)
2)× ((F1 +Z−12 )2 + F 22 )−1, B = ∂α2(4F1 +Z−12 )×
((F1 + Z
−1
2 )
2 + F 22 )
−1, and C = ∂α2((F1 + Z−12 )
2 + F 22 )
−1. We may solve (C 4) as a
quadratic equation in terms of Z1 and obtain a functional relationship between Z1 to Z2
and α2.
Appendix D. Comparison between dynamics of two sheets connected
by a stiff spring array to an elastic Hele-Shaw cell
We here calculate the phase and amplitude of the steady state oscillations for a ref-
erence configuration consisting of two elastic sheets connected by a spring array. The
response of two elastic sheets with a constraint of constant gap or an isolated upper
sheet is obtained directly from limits of the spring array coefficient.
The governing equation of the upper elastic sheet is
− s1 ∂
4d1
∂x4
+ t1
∂2d1
∂x2
− s12(d1 − d2)− pe = i1 ∂
2d1
∂t2
, (D 1)
and the governing equation of the lower elastic sheet is
− s2 ∂
4d2
∂x4
+ t2
∂2d2
∂x2
− skd2 + s12(d1 − d2) = i2 ∂
2d2
∂t2
, (D 2)
where s12 is the spring stiffness connecting the sheets. We substitute the wave form
f = fˆ ei(kx+ωt), f = d1, d2, pe, (D 3)
for all variables, and obtain the upper sheet deformation
dˆ1 =
z˜2 − s12
(z˜2 − s12)(z˜1 − s12)− s212
pˆe, (D 4)
and the lower sheet deformation
dˆ2 =
−s12
(z˜2 − s12)(z˜1 − s12)− s212
pˆe. (D 5)
where z˜n = −snk4 − tnk2 + inω2 − sk(n − 1), n = 1, 2. From Eq. (D 5), and (D 4) we
see that resonance is obtained when
(z˜2 − s12)(z˜1 − s12)− s212 = 0 (D 6)
isolating z˜1 we obtain
z˜1 =
(
1
s12
− 1
z˜2
)−1
(D 7)
for the case the spring is much stiffer than the sheets we obtain that resonance will occure
at z˜1 = −z˜2
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